Abstract-The discrete Fourier transform (DFT) has found tremendous applications in almost all fields, mainly because it can be used to match the multiple frequencies of a stationary signal with multiple harmonics. In many applications, wideband and nonstationary signals, however, often occur. One of the typical examples of such signals is chirp-type signals that are usually encountered in radar signal processing, such as synthetic aperture radar (SAR) and inverse SAR imaging. Due to the motion of a target, the radar return signals are usually chirps, and their chirp rates include the information about the target, such as the location and the velocity.
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Xiang-Gen Xia, Senior Member, IEEE Abstract-The discrete Fourier transform (DFT) has found tremendous applications in almost all fields, mainly because it can be used to match the multiple frequencies of a stationary signal with multiple harmonics. In many applications, wideband and nonstationary signals, however, often occur. One of the typical examples of such signals is chirp-type signals that are usually encountered in radar signal processing, such as synthetic aperture radar (SAR) and inverse SAR imaging. Due to the motion of a target, the radar return signals are usually chirps, and their chirp rates include the information about the target, such as the location and the velocity.
In this paper, we study discrete chirp-Fourier transform (DCFT), which is analogous to the DFT. Besides the multiple frequency matching similar to the DFT, the DCFT can be used to match the multiple chirp rates in a chirp-type signal with multiple chirp components. We show that when the signal length is prime, the magnitudes of all the sidelobes of the DCFT of a quadratic chirp signal are 1, whereas the magnitude of the mainlobe of the DCFT is . With this result, an upper bound for the number of the detectable chirp components using the DCFT is provided in terms of signal length and signal and noise powers. We also show that the -point DCFT performs optimally when is a prime.
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I. INTRODUCTION
T HE DISCRETE Fourier transform (DFT) has been applied in almost all fields. The main reason is because the DFT matches the frequencies in a signal of multiple harmonics. In other words, if a signal has only several harmonics, the DFT of this signal has and only has peaks at the frequencies of the signal harmonics, and the peak values correspond to the signal powers at the corresponding harmonic frequencies. Therefore, the DFT can be used to estimate the Fourier spectrum of a signal, which is known as spectrum estimation, that plays an important role in digital signal processing applications. However, in order to have the DFT work well, a signal has to be stationary. Although the stationarity assumption applies in many applications, nonstationary signals often occur in some real applications. Examples of nonstationary signals are chirp-type signals Manuscript received May 12, 1999; revised July 16, 2000. This work was supported in part by the Office of Naval Research Young Investigator Program under Grant N00014-98-1-0644, the Air Force Office of Scientific Research (AFOSR) under Grant F49620-00-1-0086, and the National Science Foundation (NSF) CAREER under Grant MIP-9703377. The associate editor coordinating the review of this paper and approving it for publication was Prof. Gregori Vazquez.
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that are encountered in radar signal processing, such as in synthetic aperture radar (SAR) and inverse SAR (ISAR) imaging; see, for example, [1] . In SAR imaging, when targets are moving, the radar return signals are chirps, in particular quadratic chirps, when the velocities of the moving targets are constant. In ISAR imaging, when targets have maneuvering motions, the radar return signals are also chirps. It is well known in the SAR and ISAR literature that the direct DFT applications to the radar return signals will smear the SAR or ISAR images of the targets. Furthermore, the chirp rates in the radar return signals include the important information about the moving targets, such as the velocities and the location parameters of the moving targets in SAR imaging. Therefore, the estimation of the chirp rates are critically important in these applications. For chirp-type signals, besides frequencies of multiple harmonics, there are chirp rates of multiple chirps, and the DFT can be used only to match the multiple frequencies, but the multiple chirps, in this case, may even reduce the resolution of the frequency matching. The question of interest in this paper is to generalize the DFT and its properties to discrete chirp-Fourier transform (DCFT) and corresponding properties, which is used not only to match the multiple frequencies but to match the multiple chirp rates, simultaneously as well.
It should be noticed that there has been much research on chirp-type signals and their chirp rate estimations, such as high-order ambiguity functions [2] - [4] , adaptive chirplet transforms [10] , [11] , and other polynomial phase signal estimations [7] - [9] . In addition, the chirp -transform was proposed in [12] for the efficient DFT implementation but not for chirp rate estimation. However, the goal of this paper is for chirp signal analysis and is, therefore, different. We first generalize the DFT to the DCFT and then study the properties of the DCFT analogous to the DFT. In particular, we show that when signal length is a prime, the magnitudes of all the sidelobes (i.e., when the chirp rate is not matched) of the DCFT of a single quadratic chirp signal without noise are 1, whereas the magnitude of the mainlobe (i.e., when the chirp rate and the harmonic frequency are both matched) of the DCFT is . The mainlobe and sidelobe magnitude ratio in this case is , which is shown to be optimal for a given length . In other words, the DCFT performs optimally in the matching of the constant frequency and the chirp rate when the signal length is a prime. When the chirp rate is precisely matched, the DCFT is reduced to the DFT. Notice that for any signal length , the magnitudes of all the sidelobes of the DFT of a single harmonic signal without noise are 0, whereas the magnitude of the mainlobe of the DFT is . The mainlobe and sidelobe magnitude ratio in this case is infinity, which tells us that many different harmonics can be estimated using the DFT when there is no noise. In general, unlike the DFT for the harmonic estimation, less than many different chirps can be estimated using the DCFT. This paper is focused on quadratic chirps that are common in radar applications. This paper is organized as follows. In Section II, we introduce the DCFT and study its basic properties for single component chirp signals. In Section III, we study the properties of the DCFT for multiple component chirp signals. We present an upper bound for the number of the components such that they are detectable using the DCFT. In Section IV, we study its connection with the analog chirp-Fourier transform. In Section V, we present some numerical examples.
II. DISCRETE CHIRP-FOURIER TRANSFORM AND ITS BASIC PROPERTIES FOR SINGLE COMPONENT CHIRP SIGNALS
Before going to the DCFT, let us first briefly recall the DFT. For a signal with length , its -point DFT is defined as Based on this property, when has harmonics with , i.e., where for , its DFT matches these frequencies perfectly, i.e., (2.4) where the peaks in the DFT domain are shown at all , and the corresponding peak values are for .
We now introduce the discrete chirp-Fourier transform (DCFT). Let , be a signal of length . Its -point DCFT is defined as (2.5) where represents the constant frequencies and represent the chirp rates. From the above DCFT, one can see that for each fixed , is the DFT of the signal . When , the DCFT is the same as the DFT. Therefore, the inverse DCFT (IDCFT) is (2.6) where is an arbitrarily fixed integer. The above connection between the DCFT and the DFT also suggests a fast algorithm to compute the DCFT, i.e., for each , the FFT may be used to compute , . The computational complexity with this approach is, thus, . As a remark, the above chirp-Fourier transform is related to the fractional Fourier transform (FRFT), where the rotation angle is related to the variable in the DCFT. For more about FRFT, see, for example, [13] - [17] .
The above DCFT definition is not surprising to see by following the DFT definition. What is more interesting is its properties. Can it be used to match the chirp rates and the constant frequencies simultaneously? If so, how many of the chirp components can be matched simultaneously? Similar to the previous DFT study, let us first consider a single chirp signal This result tells us that for a single quadratic chirp, the peak or the mainlobe of its DCFT has value and appears at in the DCFT domain and that the sidelobes are not above 1. In other words, the DCFT of a single quadratic chirp matches its chirp rate and its constant frequency simultaneously. Surprisingly, one can see that all the magnitudes of the sidelobes, unless the chirp rate is matched, are all the same, which is 1.
In chirp rate and constant frequency estimation, the smaller the sidelobe magnitudes of the DCFT, the better the performance of the estimation. When is a prime, from (2.11), the maximal sidelobe magnitude of the DCFT is 1, i.e., when is a prime (2.12)
One might want to ask what will happen when is not a prime.
The following result tells us that the maximal sidelobe magnitude is the minimal when is a prime, i.e., the -point DCFT performs the best when is a prime in the estimation of chirp rates and constant frequencies. This will be also seen from the numerical simulations in Section V. where , which is the same as in (2.10). By using Theorem 1 and (2.21), the following result is therefore proved. where is defined in (2.21). From this theorem, one can see that as long as the chirp rate error level and the constant frequency error level are low enough (i.e., and are close enough to integers and , i.e., , , which can be achieved when the sampling rate is fast enough), the DCFT of the chirp signal still has the peak property as in Theorem 1. We will see some numerical examples in Section V. 
III. DCFT PROPERTIES FOR MULTIPLE COMPONENT CHIRP SIGNALS
We next consider a multiple component chirp signal of the form Then, the DCFT of is where is the DCFT of the th chirp component , and is the DCFT of noise . From the study in Section II, we know that each has a peak at with peak value , and the maximal off peak value is . What we are interested in here is whether there is a peak of at each , . If there is a peak at , then a chirp component with constant frequency and chirp rate is detected. To study this question, let us calculate the mean magnitude of . We first calculate the mean at . For where the inequality in Step 1 is because from the Schwarz inequality with respect to the expectation . Thus, to estimate the lower bound of the mean magnitude , we need to estimate the mean power of the DCFT of the noise . Since for any fixed , is the DFT of , the energy of in terms of the frequency variable is the same as the one of , i.e., the one of . This proves For each with , a peak in the DCFT domain appears at if the inequality (3.7) holds. From (3.7), one can see that when the number of multiple chirp components is fixed, all the peaks at for will appear in the DCFT domain as long as the signal length -a prime-is sufficiently large. In other words, when the signal is sufficiently long, all the chirp components can be detected by using the DCFT.
We next consider the special case when all the signal powers of the different chirp components are the same, i.e. In other words, given the SNR , all peaks at for appear in the DCFT domain if the number of chirp components satisfies (3.11) This gives us the following corollary.
Corollary 1: Let be of the form (3.1) with all equal powers and the SNR defined in (3.10). Then, there are peaks at for if the number of the chirp components satisfies the upper bound (3.11).
The above corollary basically says that in the case when all signal powers of the multiple chirp components are the same, the chirp components can be detected using the DCFT if the number of them is less than when the signal length is sufficiently large. From the simulation results in Section V, one will see that the upper bound in (3.11) is already optimal, i.e., tight. Similar to the single chirp DCFT performance analysis in Theorem 3, when the chirp rate and the constant frequency parameters and are not integers, the above results for multiple chirp DCFT can be generalized. Some numerical examples will be presented in Section V.
IV. CONNECTION TO THE ANALOG CHIRP-FOURIER TRANSFORM
In this section, we want to see the relationship of the DCFT and the analog chirp-Fourier transform (ACFT). Let us first see the ACFT. For an analog signal , its ACFT is where (4.3) is from [18] . Clearly, when the constant frequency and the chirp rate are both matched, i.e., when and , the ACFT , and otherwise, is a finite value, i.e., for or . To consider the connection with the DCFT, let us consider the following samplings for the above analog parameters , , and where is a positive integer. The reason for this sampling method is for getting the DCFT form studied in the previous sections, and the difference of the samplings between the chirp rate and the constant frequency is due to the power difference between the chirp term and the constant frequency term . Truncate such that it is zero for . Sample into for . In this case, the integral in (4.1) can be discretized In other words (4.5) which gives a connection between the DCFT and the ACFT.
V. NUMERICAL SIMULATIONS
In this section, we want to see some simple numerical simulations. Two signal lengths are considered: and . We first see some examples when . Two different SNRs in (3.10) are considered, which are (0 dB) and (6 dB). For the first SNR , the upper bound in (3.11) for the number of the detectable chirp components is 3, i.e.,
. For the second SNR , the upper bound in (3.11) for the number of the detectable chirp components is 4, i.e.,
. In the following, three different numbers 55), (21, 39), (8, 17) , (53, 44), and the SNR's 0 dB and 6 dB in (3.10), respectively. One can see from Fig. 7 that the four peaks ( ) are not clear, which is because the upper bound for in (3.11) is 3 when 0 dB. The four peaks in Fig. 8 are, however, clear because the upper bound for in (3.11) is 4 when 6 dB. When , we consider the two chirp components (42, 15), (45, 44) in Fig. 2 with the SNR 6 dB. Its DCFT is shown in Fig. 9 . Clearly, it fails to show the two peaks, which illustrates the difference of the DCFT with respect to having prime and nonprime length.
We next want to see some examples when the chirp rate and the constant frequency parameters and are not but close to integers, i.e., , . The parameter errors are randomly added with Gaussian distributions. Figs. 10 and 11 show the DCFT's of the two chirp components = (41.9897, 15.0180), (45.0037, 43.9968) that are distorted from the chirp components in Figs. 1 and 2. Figs. 12 and 13 show the DCFT's Figs. 5 and 6 , in Figs. 14 and 15, the four peaks are not all shown well, which is due to the additional distortions of the integer chirp rate and constant frequency parameters and , as we have studied in Theorem 3.
VI. CONCLUSION
In this paper, we studied the discrete chirp-Fourier transform (DCFT) for discrete quadratic chirp signals. The approach is analogous to the one of the DFT. We showed that when the signal length is prime, all the sidelobes (i.e., when the chirp rates or the constant frequencies are not matched) of the DCFT are not above 1, whereas the mainlobe (i.e., when the chirp rates and the constant frequencies are matched simultaneously) of the DCFT is . We showed that this is optimal, i.e., when is not a prime, the maximal sidelobe magnitude of the DCFT is greater than 1 (in fact, we showed that the maximal sidelobe magnitude of the DCFT is greater than ). We also presented an upper bound in terms of signal length and SNR for the number of the detectable chirp components using the DCFT. Simulations were presented to illustrate the theory. A connection of the DCFT with the analog chirp-Fourier transform was also presented.
Although the DCFT was defined for quadratic chirps that are quite common in radar applications, it is not hard to generalize to higher order chirps. Notice that the DCFT for higher order chirps may not have the precise values but some roughly low values of the sidelobes obtained in Section s II and III for quadratic chirps. However, it might be possible but more tedious to calculate the values of the sidelobes of the DCFT for higher order chirps when the higher order powers of in (2.9) in the Proof of Lemma 1 is used. Another comment we would like to make here is that similar to the spectrum estimation, when the chirp rate and the constant frequency are not integers, other high resolution techniques may exist and are certainly interesting.
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